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COLLISION INTEGRALS FOR NONELASTIC PROCESSES 
I N  PLASMA KINETIC THEORY 
By John R .  Viegas 
Ames Research Center 
I .  SUMMARY 
Often i n  t h e  t rea tment  of plasma dynamic problems t h e  e f f e c t s  of  
n o n e l a s t i c  encounters  must be included.  In  t h i s  no te  c o l l i s i o n  i n t e g r a l s  f o r  
n o n e l a s t i c  processes  t h a t  are important i n  plasma k i n e t i c  theory  a r e  developed. 
The fol lowing n o n e l a s t i c  i n t e r a c t i o n s  a s soc ia t ed  wi th  t h e  e l e c t r o n  Boltzmann 
equat ion are presented  i n  d e t a i l :  
(1) I n e l a s t i c  and s u p e r e l a s t i c  encounters  between e l e c t r o n s  and neu t r a l  
spec ie s ,  
( 2 )  Ion iza t ion  and three-body recombination encounters i n  which t h e  
t h i r d  body i s  an e l e c t r o n ,  and 
(3) Photo ioniza t ion  and two-body recombination encounters .  
In add i t ion ,  c o l l i s i o n  i n t e g r a l s  a r e  given f o r  some of  t h e  processes  t h a t  
a f f e c t  t h e  t r a n s f e r  equat ions of heavy p a r t i c l e s  ( ions and n e u t r a l s )  and 
photons.  Included he re  a r e  r a d i a t i v e  e x c i t a t i o n  and de -exc i t a t ion  encounters .  
The compa t ib i l i t y  of t h e s e  c o l l i s i o n  i n t e g r a l s  with t h e  forms a s s o c i a t e d  with 
t h e  usual  macroscopic r a t e  equat ions a r e  demonstrated. 
11. INTRODUCTION 
Often i n  t h e  t rea tment  of  plasma dynamic problems t h e  e f f e c t s  of  
n o n e l a s t i c  encounters  must be included.  Such e f f e c t s  a r e  f r equen t ly  of  primary 
importance i n  t h e  c a l c u l a t i o n  o f  e l e c t r o n  d i s t r i b u t i o n  func t ions  and i n  t h e  
eva lua t ion  o f  e l e c t r o n  con t inu i ty  and energy equat ions ( r e f s .  1-13).  To a 
l e s s e r  ex ten t  they  can a l s o  p lay  a r o l e  i n  t r a n s p o r t  p roper ty  c a l c u l a t i o n s  
( r e f s .  1, 7 ,  13 ) .  
The purpose of t h i s  no te  i s  t o  p r e s e n t ,  under one r e p o r t ,  i n  a c o n s i s t e n t  
form, c o l l i s i o n  i n t e g r a l s  f o r  n o n e l a s t i c  processes  t h a t  are important i n  
plasma gasdynamic s i t u a t i o n s .  These c o l l i s i o n  i n t e g r a l s  w i l l  be  presented  i n  
t h e  format usua l ly  a s s o c i a t e d  with e l a s t i c  c o l l i s i o n  i n t e g r a l s  ( r e f .  14 ) .  I t  
i s  hoped t h a t  t h i s  format w i l l  lend i t s e l f  t o  quick a s s i m i l a t i o n  by t h e  reader .  
This paper  r ep resen t s  some modi f ica t ions  and ex tens ions  of t h e  work of 
many au thors .  In  a d d i t i o n  t o  some of  t h e  prev ious ly  c i t e d  r e fe rences ,  t h e  
work of  Fowler ( r e f .  15) was found t o  be p a r t i c u l a r l y  h e l p f u l .  Some of t h e  
material presented  i n  Sec t ion  I V  has a l s o  been publ i shed  i n  r e fe rence  16.  
However, f o r  convenience, it seemed appropr i a t e  t o  reproduce t h e  material he re .  
This  paper  i s  organized as fo l lows:  The f i r s t  p a r t  p re sen t s  genera l ized  
n o n e l a s t i c  c o l l i s i o n  i n t e g r a l s  f o r  e l e c t r o n s  t h a t  account f o r  
(1) I n e l a s t i c  encounters  between e l e c t r o n s  and n e u t r a l  spec ie s ,  
(2)  Ion iza t ion  and three-body recombination encounters  i n  which t h e  
t h i r d  body i s  an e l e c t r o n ,  and 
( 3 )  Photo ioniza t ion  and two-body recombination encounters .  
Next t h e  n o n e l a s t i c  c o l l i s i o n  i n t e g r a l s  t h a t  affect  t h e  d i s t r i b u t i o n  o f  
n e u t r a l  spec ie s  , i o n i c  s p e c i e s ,  and photons are t r e a t e d  b r i e f l y .  Included are 
r a d i a t i v e  e x c i t a t i o n  and de -exc i t a t ion  encounters .  In  t h e  l a s t  s e c t i o n  t h e  
compa t ib i l i t y  of  t h e s e  c o l l i s i o n  i n t e g r a l s  with t h e  forms a s soc ia t ed  with t h e  
macroscopic r a t e  equat ions  i s  demonstrated. 
111. COLLISION INTEGRALS FOR NONELASTIC PROCESSES 
ASSOCIATED WITH THE ELECTRON B O L T Z M A "  EQUATION 
In a col l is ion-dominated plasma composed of  e l e c t r o n s ,  n p t r a l s ,  and i o n s ,  
t h e  ra te  of  change of  t h e  e l e c t r o n  d i s t r i b u t i o n  func t ion1  f (vs )  as a r e s u l t  
of n o n e l a s t i c  encounters  can be represented  as 
-f
where f s  E f ( v s ) .  The t h r e e  c o l l i s i o n  terms on t h e  r ight-hand s i d e  of  
equat ion (1) r ep resen t  t he  n o n e l a s t i c  i n t e r a c t i o n s  considered most important 
i n  col l is ion-dominated plasmas. They, r e s p e c t i v e l y ,  account f o r  
(1) I n e l a s t i c  ( e x c i t a t i o n )  and s u p e r e l a s t i c  (de -exc i t a t ion )  encounters 
between e l e c t r o n s  and n e u t r a l  spec ie s ,  
(2)  Ion iza t ion  and three-body recombination encounters  i n  which t h e  
t h i r d  body i s  an e l e c t r o n ,  and 
( 3 )  Photo ioniza t ion  and two-body recombination encounters .  
In  t h i s  s e c t i o n  t h e  c o l l i s i o n  i n t e g r a l s  f o r  t h e s e  terms w i l l  be developed. 
The s t a t e  of  t h e  heavy p a r t i c l e s  w i l l  be ind ica t ed  by t h e  subsc r ip t  j , k ,  o r  
I A s  i s  common p r a c t i c e  i n  t h e  t reatment  o f  c o l l i s i o n s ,  t he  s p a t i a l  and 
temporal dependence of  t h e  d i s t r i b u t i o n  func t ions  a r e  not  shown e x p l i c i t l y .  
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R added t o  t h e  spec ie s  s u b s c r i p t .  These s t a t e s  a r e  considered t o  be 
s p e c i f i e d  by t h e  p r i n c i p a l  and t o t a l  angular-momentum quantum numbers and 
degeneracies .  
I n e l a s t i c  and Supe re l a s t i c  Co l l i s ions  
In  t h i s  s e c t i o n  c o l l i s i o n  i n t e g r a l s  are developed f o r  t h e  conserva t ion  o f  
e l e c t r o n s  i n  t h e  s e t  $, d3vs as a r e s u l t  of i n e l a s t i c  and s u p e r e l a s t i c  
encounters t h a t  cause n e u t r a l s  t o  undergo e x c i t a t i o n  and de -exc i t a t ion  reac­
t i o n s ,  r e s p e c t i v e l y .  A t y p i c a l  i n t e r a c t i o n  can be represented  by 
where t h e  s u b s c r i p t  n s t ands  f o r  t h e  type of n e u t r a l  atoms and t h e  super­
s c r i p t s  j and k (k > j )  correspond t o  t h e  s t a t e  o f  t h e  n e u t r a l  p a r t i c l e .  
This  type of encounter can be d i s t ingu i shed  by whether t h e  r e a c t i o n  
causes t h e  e l e c t r o n  t o  be s u b t r a c t e d  from o r  added t o  t h e  s e t .  When an exc i t a ­
t i o n  ( j  -+ k) of  a n e u t r a l  atom i s  i n i t i a t e d  by an e l e c t r o n  with v e l o c i t y  -+ 
t h e  energy equat ion i s  vs,  
+ +Here vo i s  t h e  e l e c t r o n  v e l o c i t y  a f t e r  t h e  c o l l i s i o n ,  $n and Vnk are t h e  
j
v e l o c i t i e s  o f  t h e  n e u t r a l  p a r t i c l e  before  and a f t e r  t h e  encounter ,  r e s p e c t i v e l y  
( the  s u b s c r i p t s  j and k s e r v e  t h e  dual r o l e  of d i s t i n g u i s h i n g  between t h e  
n e u t r a l  before  and a f t e r  c o l l i s i o n  and r ep resen t ing  i t s  s t a t e ) ,  and 
i s  t h e  e x c i t a t i o n  energy f o r  t h e  i n t e r a c t i o n .  When an e x c i t a t i o n  
an e l e c t r o n  being added t o  t h e  s e t ,  t h e  energy equat ion i s  
+where V I  i s  t h e  v e l o c i t y  of t h e  e l e c t r o n  before  t h e  i n e l a s t i c  c o l l i s i o n .  
The inve r se  ( s u p e r e l a s t i c )  encounters ,  which a l s o  c o n t r i b u t e  t o  t h e  number of 
e l e c t r o n s  i n  t h e  se t ,  a r e  descr ibed  e n e r g e t i c a l l y  by equat ions  (3)  and (4). 
The number of e l e c t r o n s  l o s t  t o  t h e  se t  G S ,  d3v, i n  u n i t  t i m e  p e r  u n i t  
volume as a r e s u l t  of i n e l a s t i c  c o l l i s i o n s  with n e u t r a l s  of v e l o c i t y  range
+ 	 3 -f
vnj ,  d Vn
j y  
such t h a t  t h e  n e u t r a l s  are placed i n  t h e  set  Vnk, d3vnk and t h e  
e l e c t r o n s  are s c a t t e r e d  through an ang le  X o s ,  dRos measured r e l a t i v e  t o  
+ -+ + 
vs - Vnj i n  t h e  center-of-mass frame, wi th  t h e  v e l o c i t y  vo, d3v0 is 
3 
This type of t r a n s i t i o n  i s  w r i t t e n :  
kIn  t h e  preceding i n e l a s t i c  l o s s  express ion ,  o s j ( g s j , ~ o s ) d ~ o s  i s  t h e  d i f f e r ­
e n t i a 1  s c a t t e r i n g  c ross  s e c t i o n  f o r  t h e  e x c i t a t i o n - c o l l i s i o n  i n  quzs t ion .  The 
-fr e l a t i v e  v e l o c i t y  g i s  def ined by g s j  5 Its - vnj I ,  f n j  E fn(Vn.1 i s  t h e  
s j  3 
v e l o c i t y  d i s t r i b u t i o n  func t ion  f o r  t h e  spec ie s  n n e u t r a l  i n  t h e  s t a t e  j 
normalized on t h e  number dens i ty  f o r  t h i s  s t a t e .  
In  w r i t i n g  gs j  and xOs as arguments of ok w e  have addressed ourse lvess j ’  
t o  an examination o f  e x c i t a t i o n  c o l l i s i o n s  which cause heavy p a r t i c l e  s t a t e  
changes t h a t  can be c l a s s i f i e d  by t h e  p r i n c i p a l  and t o t a l  angular-momentum 
quantum numbers and degeneracies .  The c ross  s e c t i o n  should have enough i n f o r ­
mation s p e c i f i e d  i n  i t s  arguments t o  determine, a long wi th  t h e  conservat ion 
equat ions ,  t h e  v e l o c i t i e s  of  both p a r t i c l e s  i n  t h e  appropr i a t e  r e fe rence  frame 
a f t e r  t h e  c o l l i s i o n .  In  t h e  dynamics of  i n e l a s t i c  c o l l i s i o n s  i n  t h e  cen te r ­
of-mass coord ina tes ,  changes i n  t h e  component con t r ibu t ions  t o  t h e  angular-
momentum vec to r  of  t h e  system w i l l  cause t h e  p lane  o f  t h e  p a r t i c l e s  a f t e r  t he  
encounter t o  d i f f e r  from t h e  plane o f  t he  p a r t i c l e s  before  t h e  encounter .  If 
no s t rong  e x t e r n a l  magnetic f i e l d s  e x i s t ,  t h e  d i r e c t i o n  of  t h e  t o t a l  o r b i t a l  
angular-momentum vec to r  of  t h e  heavy p a r t i c l e s  can be taken t o  be a r b i t r a r y  
both before  and a f t e r  t h e  c o l l i s i o n .  Only t h e  magnitude of t h i s  vec to r  i s  of 
i n t e r e s t .  Then by symmetry t h e  azimuthal dependence o f  t h e  o r i e n t a t i o n  of  t h e  
r e l a t i v e  v e l o c i t y  v e c t o r  a f t e r  t h e  c o l l i s i o n  -+ gok with r e spec t  t o  2 s j can +- +-
be neglec ted .  Thus only t h e  angle  xOs between gok and gsj needs t o  be 
s p e c i f i e d  t o  desc r ibe  adequately our  i n e l a s t i c  c o l l i s i o n s .  
This argument can a l s o  be i l l u s t r a t e d  by t h e  i n t e r a c t i o n  between two 
monoenergetic s t reams one of  which i s  taken t o  be t h e  s e t  o f  e l e c t r o n s  having+-’t h e  v e l o c i t y  range vs, d3vs; t h e  o t h e r  i s  a s t ream o f  n e u t r a l s  i n  t h e  se t  
+-
Vn., d3vn . A s  a r e s u l t  o f  t h e  averaging e f f e c t s  of  t h e  s t reams t h e  sum of t h e  
J j
t o t a l  angular-momentum vec to r s  of  t h e  heavy p a r t i c l e s  can be expected t o  be 
zero.  This i n i t i a l  symmetry would be presezved a f t e r  t h e  encounter a l lowing+us t o  neg lec t  t h e  azimuthal dependence of  gok r e l a t i v e  t o  gs j .  Thus, only 
t h e  s i n g l e  d e f l e c t i o n  angle  xOs i s  needed as a parameter of t h e  c o l l i s i o n .  
Knowing xos,gsj and using symmetry cons idera t ions  one can f i n d  t h e  v e l o c i t y  
of  t he  p a r t i c l e s  a f t e r  t h e  c o l l i s i o n  i n  t h e  center-of-mass re ference  frame. 
These same arguments a l s o  apply f o r  t h e  o t h e r  i n e l a s t i c  ( s u p e r e l a s t i c )  
c o l l i s i o n s  d iscussed  i n  t h i s  paper .  
4 
-+
The number of e l e c t r o n s  l o s t  t o  t h e  se t  vs, d3vs i n  u n i t  t i m e  p e r  u n i t  
volume as a r e s u l t  o f  s u p e r e l a s t i c  c o l l i s i o n s  descr ibed  by FsyGnk+ GiyGn
j 
)
i s  
jHere ~sk(g ,kyxls )dRls  i s  t h e  d i f f e r e n t i a l  c ross  s e c t i o n  f o r  t h i s  super-
e l a s t i c  encounter.  +The angles  are measured i n  t h e  center-of-mass re ference  
frame r e l a t i v e  t o  gsk. The number of e l e c t r o n s  l o s t  t o  t h e  s e t  p e r  u n i t  
t ime p e r  u n i t  volume i s  then  t h e  sum o f  (5) and (6 ) .  
S i m i l a r l y ,  t h e  number o f  e l e c t r o n s  gained by t h e  s e t  p e r  u n i t  volume p e r  
u n i t  t i m e  as & - r e s u l t  of t h e  inverse  encounters r ep resen ted  by 
-+ Gs,Gn ) and + 8syGnk) i s  
j j 
f o  d3vO�nkd3vnk gok'okj (gokyXos)dRos (7) 
and 
Expression ( 7 )  i s  t h e  ( s u p e r e l a s t i c )  i nve r se  of (5 ) .  Expression (8) represents  
t he  invz r se  zf (6) .  Typica l ly  t h e  r e l a t i v e  v e l o c i t y  gok i s  def ined by 
gok Iv0 - Vnk I -
A s i m p l i f i e d  express ion  i s  obta ined  f o r  t he  n e t  ga in  of  e l e c t r o n s  t o  t h e  
s e t  p e r  u n i t  volume f o r  t h e  r e a c t i o n  given by ( 2 )  i f  t h e  p r i n c i p l e  of d e t a i l e d  
balancing i s  app l i ed  t o  t h e  inve r ses  among expressions (S ) ,  ( 6 ) ,  ( 7 ) ,  and (8) 
before  t h e  i n t e g r a t i o n s  a r e  made over s c a t t e r i n g  angles  and p a r t i c l e  ve loc i t i e s .  
Applying t h i s  p r i n c i p l e ,  we equate  (5) and i t s  inve r se  ( 7 )  a t  thermodynamic 
equi l ibr ium t o  o b t a i n  
The equi l ibr ium d i s t r i b u t i o n  func t ion  f o r  fs  i s  given as 
2To be c o n s i s t e n t  t h e s e  angles  should be labe led  x ~ ~ and xS1,dRs1;~ ~, ~ R 
however, it i s  easy t o  deduce t h a t  f o r  i nve r se  c o l l i s i o n s  as descr ibed  he re  
-+ -+ 
+ ­ -xso - xos and s1 - X l S '  
5 
I 
where T i s  t h e  equi l ibr ium temperature ,  wi th  corresponding express ions  f o r  
f o ,  f n k ,  and f n
j
. The r e l a t i v e  popula t ions  of var ious  e x c i t e d  l e v e l s  of  an 
atom a t  equi l ibr ium a r e  given by t h e  Boltzmann d i s t r i b u t i o n  




where wk and w j are t h e  atomic degeneracies  a s s o c i a t e d  wi th  t h e  states 
j and k o f  t h e  n e u t r a l  p a r t i c l e s .  The d i f f e r e n t i a l  v e l o c i t y  elements i n  
equat ion (9) can be r e l a t e d  v i a  t h e i r  Jacobian as 
Then t h e  combination o f  equat ions ( l o ) ,  ( l l ) ,  ( 1 2 ) ,  and (3) with (9) y i e l d s  the  
fol lowing d e t a i l e d  ba lanc ing  r e s u l t :  
A s i m i l a r  d e t a i l e d  balancing ana lys i s  with (6) and (8) y i e l d s  
The d i f f e r e n t i a l  v e l o c i t y  elements f o r  t h i s  encounter  a r e  r e l a t e d  by 
d3v d3vs = (%)d3vn. d3vlgsk
"k J 
I f  t h e  e l e c t r o n  v e l o c i t i e s  before  a s u p e r e l a s t i c  and an i n e l a s t i c  
-f -fencounter are denoted by vs and v I ,  r e s p e c t i v e l y ,  i t  i s  easy t o  show t h a t  
equat ions (13) and (14),  r e l a t i n g  the  d i f f e r e n t i a l  c ros s  s e c t i o n s ,  can both be 
w r i t t e n  as t h e  fol lowing general  d e t a i l e d  balancing r e s u l t :  
The terms gSk and g i n  equat ion (16) a r e  def ined  as 
1j 
+
gSk E IGS - Vnkl 
and 
6 
The v e l o c i t y  elements i n  t h i s  genera l  no ta t ion  a r e  r e l a t e d  by 
d3v d3vS = ~ gSk d3vn d3vI 
nk g I j  j 
Equations ( 1 2 3 ,  (13) ,  (14 ) ,  and (15) can be combined with (S ) ,  (6), ( 7 ) ,  
and (2) t o  y i e l d  an express ion  f o r  t h e  n e t  numb2r of  e l e c t r o n s  gained by t h e  
se t  vs, d3vs by t h e  r e a c t i o n s  represented  by (vo,v+-nk ++Gs,Gnj) and 
,Gni ++Gs,Cnk). When t h e  r e s u l t i n g  expression i s  then  i n t e g r a t e d  over a l l  
-I 
p o s s i b l e  s c a t t e r i n g  angles  and heavy p a r t i c l e  v e l o c i t i e s ,  t h e  fol lowing expres­
s i o n  i s  obtained f o r  t h e  n e t  ga in  of e l e c t r o n s  t o  t h e  se t  p e r  u n i t  volume p e r  
u n i t  t i m e  f o r  t h e  r e a c t i o n  g iven  by expression ( 2 ) :  
1 

The sum of (18) over t h e  va r ious  n e u t r a l  spec ies  and s t a t e s  of t hese  n e u t r a l  
spec ies  d iv ided  by d3vs i s  
In t h i s  equat ion t h e  f irst  c o l l i s i o n  opera to5  r e  r e s e n t s  t h e  s u p e r e l a s t i c  gain 
and t h e  i n e l a s t i c  l o s s  t o  t h e  e l e c t r o n  s e t  v S , d3vs f o r  a l l  poss ib l e  spec ie s  
n and f o r  a l l  p o s s i b l e  va lues  of  j and k .  The second c o l l i s i o n  ope ra to r  
r ep resen t s  t h e  i n e l a s t i c  ga in  and t h e  s u p e r e l a s t i c  l o s s  t o  t h i s  s e t  f o r  a l l  
poss ib l e  spec ie s  n and f o r  a l l  p o s s i b l e  va lues  of j and k .  
7 

Ion iza t ion  and Three-Body Recombination Encounters 
In t h i s  s e c t i o n  c o l l i s i o n  i n t e g r a l s  a r e  developed f o r  t h e  conservat ion of+e l e c t r o n s  i n  t h e  s e t  vs ,d3vs during c o l l i s i o n a l  i o n i z a t i o n  and three-body 
recombination encounters .  A t y p i c a l  r e a c t i o n  i n  t h i s  case  can be represented  
by 
R e + (Atom)’n f+ e + e + (Ion) n (20) 
Here, as previous ly ,  t h e  s u b s c r i p t  n corresponds t o  t h e  type  o f  n e u t r a l  atom, 
and t h e  s u p e r s c r i p t s  j and R s i g n i f y  t h e  s t a t e  of t h e  n e u t r a l  atom and i t s  
r e l a t e d  i o n ,  r e s p e c t i v e l y .  
+When t h e  way t h a t  e l e c t r o n s  e n t e r  o r  leave  t h e  s e t  vsy d3vs i s  of 
concern,  t h e  energy equat ions  f o r  t h i s  type o f  encounter  become: 
v 11 2 + -1 m v2 = -1 mev22 + -1 me 4 2 + - m v  2 
2 mevs 2 n n j  2 2 i i  +’j R  
when t h e  i o n i z a t i o n  i s  caused by a vs e l e c t r o n  and 
1 2 1 2 1 1 1 2?mevl + -mnvn 
j 
= 2 e s  + - m  e 3  + -m.vl i t + ’jR
- m  v 2 v 2 
2 
when t h e  i o n i z a t i o n  r e s u l t s  i n  an e l e c t r o n  i n  t h e  s e t .  In  t h e s e  energy equa­-+t i o n s  m i  and v i  a r e  the  mass and v e l o c i t y ,  r e s p e c t i v e l y ,  o f  t h e  ion ized  
R 
type n n e u t r a l  atom i n  t h e  s t a t e  d i s t ingu i shed  by t h e  s u b s c r i p t  R ,  and 
A i s  t h e  i o n i z a t i o n  p o t e n t i a l  o f  t he  atom from i t s  j t h  s t a t e  of e x c i t a t i o n  
t o  
jR 
i t s  r e l a t e d  ion  i n  t h e  Rth s t a t e .  In  equat ion (21) G2 and G4 a r e  t h e  
v e l o c i t i e s  o f  t h e  two e l e c t r o n s  r e s u l t i n g  from t h e  i o n i z a t i o n .  Making use of 
t h e  p r i n c i p l e  of  i n d i s t i n g u i s h a b i l i t y  ( r e f .  15) we w i l l  no t  d i s t i n g u i s h  
between bound and unbound e l e c t r o n s  during an i o n i z a t i o n  o r  three-body recom­
b i n a t i o n  encounter .  Thus, t h e  e l e c t r o n  t h a t  corresponded t o  t h e  ion iz ing  
e l e c t r o n  a f t e r  t h e  i o n i z a t i o n  w i l l  not  be s p e c i f i e d ;  it w i l l  merely be s t a t e d  
t h a t  two e l e c t r o n s  r e s u l t  from t h e  i o n i z a t i o n .  Likewise i n  a recombination 
encounter ,  no at tempt  i s  made t o  i d e n t i f y  which of t h e  two f r e e  e l e c t r o n s  
becomes bound and which remains f r e e .  S imi l a r ly ,  i n  equat ion (22) a 31 
e l e c t r o n  caused an i o n i z a t i o n  which r e s u l t e d  i n  two e l e c t r o n s ,  one with veloc­+ +i t y  vs and t h e  o the r  with v e l o c i t y  y 3 .  I t  should be noted t h a t  t h e  G1 
appearing i n  t h i s  s e c t i o n  i s  not  t h e  V I  t h a t  appears i n  Sect ion 111 (p. 3 ) .  
They a r e  d i s t ingu i shed  by t h e  type i n t e r a c t i o n s  being considered.  
+The number o f  e l e c t r o n s  l o s t  t o  t h e  set vs d3vs i n  u n i t  time p e r  u n i t  
volume as  a r e s u l t  of  i o n i z a t i o n  encounters  with n e u t r a l s ,  such t h a t  t he  
following t r a n s i t i o n  occurs  
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i s  
R + 
fs d3v nJ- d3vn.J gsj  asj  (Ps ;X2s  ,V42CM )d3v42CM&2s 
Here 0 R (g . ;x2s , v ~ ~ ~ ~ ) ~ ~ v L , ~ ~ ~+ dR2s is  def ined  as t h e  d i f f e r e n t i a l  "cross 
s j  S J  -f
sec t ion"  f o r  an i o n i z a t i o n  encounter between e l ec t rons  i n  t h e  set  vs, d3vs 




r e s u l t i n g  i n  two e l e c t r o n s ,  t h e i r  veloc­
i t i e s  given by G2, d3v2 and v4, d3v4, and an ion  i n  t h e  s t a t e  R wi th  i t s  
v e l o c i t y  range and s ta te  s i g n i f i e d  by GiR ,  d3vi,. Here t h e  semicolon i n  t h e  
argument of  t h e  c ros s  s e c t i o n  sepa ra t e s  before  c o l l i s i o n  parameters from a f t e r  
c o l l i s i o n  parameters .  The angle  x2s i s  measured r e l a t i v e  t o  t h e  d i r e c t i o n  
-f
of  gsj  i n  t h e  center-of-mass frame. The v e l o c i t y  $42CM i s  def ined  by 
?' -f
(v4CM,x42CM) 9 where X42CM i s  t h e  d i r e c t i o n  of  v4 measured r e l a t i v e  t o  v2 
i n  t h e  center-of-mass frame. The center-of-mass s u b s c r i p t  CM i s  used he re  
t o  avoid confusion with non-CM v e l o c i t i e s .  
Again symmetry arguments have been used t o  a r r i v e  a t  t h e  above choice of 
c ros s - sec t ion  parameters .  As presented ,  s u f f i c i e n t  information has been 
s p e c i f i e d  t h a t  t h e  v e l o c i t i e s  of  t h e  p a r t i c l e s  a f t e r  t h e  encounter can be 
determined when symmetry cons ide ra t ions  a r e  included with t h e  conservat ion 
equat ions and t h e  i n i t i a l  v e l o c i t i e s .  There i s  no s i n g l e  "correct"  way t o  
des igna te  a d i f f e r e n t i a l  c ros s  s e c t i o n  o f  t h i s  complexity. For  example, l e t  
us examine q u a l i t a t i v e l y  t h e  dynamics of an ion iz ing  c o l l i s i o n  as regards a 
choice o f  parameters f o r  t h e  c ros s  s e c t i o n .  Consider t h e  i n t e r a c t i o n  of a 
monoenergetic beam of e l e c t r o n s  wi th  a monoenergetic beam of  n e u t r a l s  which 
r e s u l t s  i n  i o n i z a t i o n  of  t h e  n e u t r a l s .  Before t h e  i o n i z a t i o n  encounter 
between an e l e c t r o n  and a n e u t r a l  p a r t i c l e ,  t h e  two p a r t i c l e s  l i e  i n  a s i n g l e  
p lane  i n  t h e i r  center-of-mass r e fe rence  frame. Af te r  t h e  encounter ,  however, 
t he  r e s u l t i n g  t h r e e  p a r t i c l e s  are not  r e s t r i c t e d  t o  move i n  a s i n g l e  p lane  i n  
t h i s  re ference  frame. Averaging a l l  such encounters i n  t h e  beams w i l l  s t i l l  
g ive  a symmetry o f  s o r t s  about t h e  r e l a t i v e  v e l o c i t y  v e c t o r  $ 
S J  
:
' 
t h a t  i s ,  t h e  
r e s u l t a n t  momentum v e c t o r  o f  any two of  t h e  s c a t t e r e d  p a r t i c l e s  (say t h e  e l e c ­
t rons) f rom a s i n g l e  c o l l i s i o n  can be found equal ly  l i k e l y  i n  any azimuth about 
-+ 
gs j  as w i l l  t h e  momentum v e c t o r  o f  t h e  t h i r d  p a r t i c l e .  These momentum vec­
t o r s ,  t h a t  o f  t h e  above r e s u l t a n t  and t h a t  of  t h e  t h i r d  p a r t i c l e ,  are equal ,  
a n t i p a r a l l e l ,  and l i e  i n  a p lane  which has t h e  same symmetry about 2s j  as 
t h e  p a r t i c l e s  on page 4 a f t e r  an e x c i t a t i o n  c o l l i s i o n .  This symmetry can be 
represented  here  i f  any of t h e  t h r e e  v e l o c i t y  vec to r s  i s  allowed t o  be  a r b i ­
t r a r i l y  loca ted  i n  an a x i a l  sense  with r e spec t  t o  gsj .  We choose -f 
V2CM 
t o  have t h i s  symmetric c h a r a c t e r  and thus  only spec i fy  x~~ i n  0' s j .  The 
c o l l i s i o n  i s  then completely descr ibed  by spec i fy ing  t h e  v e l o c i t y  of  one of  
-+ -f ~t h e  remaining p a r t i c l e s  re la t ive  t o  v ~ We~ picked . v4 f o r  t h i s  d i s t i n c ­
t i o n .  I t  i s  important t o  no te  t h e  a r b i t r a r i n e s s  of  t h e s e  choices .  Thus some 
o t h e r  choice of  parameters could have been made. I t  may a q e a r  from t h e  above 
choice t h a t  t h e  "crea ted"  e l e c t r o n  must have t h e  v e l o c i t y  v4. This i s  no t  
t h e  case. Cons is ten t  with t h e  p r i n c i p l e  of i n d i s t i n g u i s h a b i l i t y  we have 
9 
merely s t a t e d  t h e  v e l o c i t y  o f  one o f  t h e  r e s u l t i n g  p a r t i c l e s  without  
spec i fy ing  which p a r t i c l e  i t  was p r i o r  t o  t h e  encounter .  
3The number of  e l e c t r o n s  l o s t  t o  t h e  se t  GS, d vs i n  u n i t  time p e r  u n i t  
volume as a r e s u l t  of three-body recombination encounters  with ions  and o t h e r+ +e l e c t r o n s  such t h a t  t h e  (GS,G3,?iR -+ Vl,Vn.) t r a n s i t i o n  occurs  i s  ( r e f .  15)
3 
The r e l a t i v e  v e l o c i t i e s  a r e  def ined  as 
and 
Two c ross  s e c t i o n s  appear i n  expression (24) 
3
because t h e r e  are two ways i n+ +which e l e c t r o n s  can be l o s t  t o  t h e  s e t  3s, d vS by t h e  (3s ,33 ,3 iR -+ v l ,vn j )  
r eac t ion .  That i s ,  on momentarily d i s t i n g u i s h i n g  between e l e c t r o n s ,  e i t h e r  
t h e  vs e l e c t r o n  can become bound t o  t h e  ion  and t h e  v3 e l e c t r o n  becomes 
t h e  v1 e l e c t r o n  o r  t h e  vs e l e c t r o n  can become t h e  v1 e l e c t r o n  while  t h e  
v 3  e l e c t r o n  becomes bound t o  t h e  ion .  Thus u i 3 R d ~ l s  i s  the  " d i f f e r e n t i a l  
c ros s  sec t ion"  f o r  t h e  recombination encounter  i n  which s -+ 1 and o isR dill, 
i s  t h e  " d i f f e r e n t i a l  c ross  sec t ion"  f o r  t h e  recombination encounter i n  which 
3 + 1. From t h e  p r i n c i p l e  o f  i n d i s t i n g u i s h a b i l i t y  we can say  
Thus, express ion  (24) becomes 
+We have taken 
O s  
j 
3R (g s R ,g3 .?" ,xg g ;xlS)dQls as t h e  " d i f f e r e n t i a l  cross sec t ion"  
3 s  
f o r  t h i s  recombination c o l l i s i o n .  Af t e r  t h i s  encounter  t h e  remaining f r e e+e l e c t r o n  i s  s c a t t e r e d  i n t o  the  angle  xls,dRls measured r e l a t i v e  t o  v
SCM'-+The angle  between g3& and gsR i s  given by -+ . Again, the  choice of 
xg 3gs 
argument f o r  t h e  recombination c ross  s e c t i o n  i s  not  unique, and a l s o  we do not  
10 
s p e c i f y  which of t h e  two f r e e  e l e c t r o n s  becomes bound ( the  c ross  s e c t i o n  i s  
symmetric i n  t h e  s u b s c r i p t s  s and 3 ) .  The d e l t a  func t ion  6+ -+ i s  includcd 
V ?  ' V S  
i n  (25) t o  account f o r  t h e  case when both e l e c t r o n s  p a r t i c i p a t i n g  i n  t h e  
recombination encounter are i n  t h e  s e t  i?s,d3vs. This func t ion  i s  def ined  as  
fol lows : 
Thus, f o r  any smooth f i n i t e  func t ion  K($3) 
3sK(G3)6;, -+ d v 3  = 0 
3 Y V S  
so t h a t  f o r  p r a c t i c a l  purposes t h e  d e l t a  func t ion  can be omit ted.  In  an 
analogous manner, t h e  number of  e l e c t r o n s  gained by t h e  se t+per+ u n i t  volume+ + +  
p e r  u n i t  t i m e  as a r e s u l t  of t h e  inve r se  recombination (v2 ,v4 ,v iR  + vs ,vn . )
+ + +and i o n i z a t i o n  (3,,?n.
1 
+ vs , v 3  ,vi,) i n t e r a c t i o n s  a r e  , r e s p e c t i v e l y ,  3 
and 
In expression (27)  t h e  c o e f f i c i e n t  2+accounts f o r  t h e  two ways i n  which e l e c ­+ +t r o n s  can e n t e r  t h e  set  v i a  t h e  (G1 + ?s ,v3 ,v-1 k  ) i n t e r a c t i o n ,  t h a t  i s ,  + + + +e i t h e r  :rl + v s  and t h e  bound ecomes v 3 , 0 r  $1 + v 3  and the  bound 
+e l e c t r o n  becomes vs, and t h e  c ros s  s e c t i o n s  f o r  t hese  r e a c t i o n s ,  which a r e  
symmetric i n  t h e  s u b s c r i p t s  s and 3, have been s e t  equal on the  b a s i s  of  
i n d i s t i n g u i s h a b i l i t y  arguments. A s  a r e s u l t  o f  t h e  c o l l i s i o n s  being inve r ses ,  
and t h e  symmetry d iscuss ion  fol lowing expression (23),  t h e  s c a t t e r i n g  angles  
i n  (26) and (27)  a r e  t h e  same as those  f o r  t h e  d i r e c t  c o l l i s i o n s  and w i l l  sub­
sequent ly  be t r e a t e d  accord ingly .  Note t h a t  t h e  angles  a r e  measured r e l a t i v e  
t o  v e l o c i t y  sets and not r e l a t i v e  t o  p a r t i c u l a r  p a r t i c l e s .  The d e l t a  func t ion  
i n  (27) i s  t o  account f o r  t h e  p o s s i b i l i t y  o f  t h e  i o n i z a t i o n  r e s u l t i n g  i n  two 
e l e c t r o n s  en te r ing  t h e  s e t .  
A s  i n  t h e  previous s e c t i o n  we w i l l  d e r ive  a s i m p l i f i e d  expression f o r  t h e  
n e t  ga in  of  e l e c t r o n s  t o  t h e  s e t  p e r  u n i t  volume f o r  t h e  r e a c t i o n  given by 
(20) through t h e  p r i n c i p l e  o f  d e t a i l e d  ba lanc ing .  Applying t h i s  p r i n c i p l e  
express ion  (23) and i t s  inve r se  (26) a r e  equated a t  equi l ibr ium t o  o b t a i n  
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A t  equi l ibr ium t h e  d i s t r i b u t i o n  func t ions  a r e  Maxwellian: 
where B me/2kT, with corresponding express ions  f o r  f n j  and fiR * me 
number d e n s i t i e s  of t h e  ions ,  t h e  n e u t r a l s  and t h e  e l e c t r o n s  a r e  r e l a t e d  a t  
equi l ibr ium v i a  t h e  Saha equat ion,  which can be w r i t t e n  
e 
In  equat ion (30) w i and w R  are t h e  degeneracies  f o r  t h e  type n atom i n  i t s  
j t h  e x c i t a t i o n  l e v e l  and i t s  r e l a t e d  ion  i n  t h e  Rth e x c i t a t i o n  l e v e l .  Com­
b in ing  equat ions (21),  (29) ,  and (39) with (28)  t h e  fol lowing d e t a i l e d  
balancing r e s u l t  i s  obtained:  
Rg2Rg4Roii iRd3v2 d3v4d3vi = Hgs j o s j  d3v d3vs d3vn
j (31)R 2CM 
where 
A similar d e t a i l e d  balancing ana lys i s  with expressions (25) and (27) 
y i e l d s  
gsRg3R0's 3 R  d3vs d3v3 d3vR = Hg i j.oRI j  d3v3SCM d3vl d3vj (32) 
A s  f o r  i n e l a s t i c  and s u p e r e l a s t i c  encounters ,  equat ions (31) and (32) can 
both be included i n  a s i n g l e  expression.  If s u b s c r i p t  Z denotes t h e  e l ec ­
t r o n  causing t h e  i o n i z a t i o n  and s u b s c r i p t s  R and B denote  t h e  e l e c t r o n s  
r e s u l t i n g  from t h e  i o n i z a t i o n ,  equat ions (31) and (32) can, c o n s i s t e n t  with 
previous n o t a t i o n ,  be included i n  the  fol lowing equat ion:  
j d3v d3vBd3vi = HgZjoZjR 
d3vZ d3vn (33)~ R R ~ B R ' R B R  R R 
d 3 V ~ ~ C M  
j 
Since t h e  fol lowing r e l a t i o n s  between the  d i f f e r e n t i a l  v e l o c i t y  elements hold:  
d3vRd3v, &viQ = d3G d3gRRd3gBa 
~~ 
3As w r i t t e n  equat ion (30) inc ludes  t h e  approximation t h a t  m i  = mn. 





Z j  
where 8 i s  t h e  v e l o c i t y  of t h e  cen te r  o f  mass, equat ion (33) can be wr i t t en  
as  
Equations (31) and (32) can be combined wi th  (23),  (25) ,  (26),  and (27) 
t o  y i e l d  an expression f o r  t h e  n e t  number of  e l e c t r o n s  gained by t h e  s e t+ + + +  
vs, d3vs as a r e s u l t  of t h e  i n t e r a c t i o n s  represented  by (GS,Gnj 
- v 2 , v q J v i  
R 
) 
+ + +  + +and (vS 9 v , v i Rt f v l , v n j ) .  This  r e s u l t i n g  expression can then  be i n t e g r a t e d  
over a l l  p o s s i b l e  s c a t t e r i n g  angles  and heavy p a r t i c l e  v e l o c i t i e s  t o  ob ta in  
This equat ion r ep resen t s  t h e  n e t  ga in  of  e l ec t rons  t o  t h e  s e t  p e r  u n i t  volume 
pe r  u n i t  time f o r  t he  r e a c t i o n  given by expression (20).  
N o w ,  on summing over t h e  r e l evan t  n e u t r a l  spec ie s  and t h e  exc i t ed  s t a t e s  
o f  t h e  n e u t r a l  spec ie s  and i t s  ion  and d iv id ing  by d3vsJ  we ob ta in  t h e  follow­
ing c o l l i s i o n  i n t e g r a l  f o r  t h e  n e t  ga in  of e l e c t r o n s  t o  t h e  s e t  p e r  u n i t  
volume of  phase space p e r  u n i t  time a s  a r e s u l t  of  c o l l i s i o n a l  i o n i z a t i o n  and 
three-body recombination encounters :  
Here t h e  f irst  c o l l i s i o n  i n t e g r a l  r ep resen t s+t h e  ga in  by three-body recombina­t i o n  and t h e  l o s s  by i o n i z a t i o n  t o  t h e  s e t  vs, d3vs; t h e  second c o l l i s i o n  
i n t e g r a l  r ep resen t s  t h e  ga in  by i o n i z a t i o n  and t h e  l o s s  by three-body 





Phot o ion i  zat  ion  and Two -Body Re combi n  a t  ion  En counters  
The remaining n o n e l a s t i c  c o l l i s i o n  term i s  t h a t  a s soc ia t ed  with 
photo ioniza t ion .  Phys ica l ly ,  a photon o f  energy hv i s  absorbed by an atom 
i n  t h e  s t a t e  j ,  r e s u l t i n g  i n  an ion  i n  t h e  s t a t e  R and a f r e e  e l e c t r o n .  
The r eve r se  r e a c t i o n  i s  when a f r e e  e l e c t r o n  and an ion  combine with t h e  
emission of  r a d i a t i o n .  A t y p i c a l  r e a c t i o n  f o r  t h i s  case  can be represented  by 
e + (Ion),R (Atom): + photon (37) 
In  terms of t h e  r e l a t i v e  v e l o c i t y  t h e  energy equat ion f o r  t h i s  
encounter  i s  
where pi i s  t h e  reduced mass def ined  by memi/(me + mi). We cons ider  only 
n o n r e l a t i v i s t i c  e l e c t r o n s  i n  t h i s  a n a l y s i s  and neg lec t  t h e  momentum of  t h e  
photons r e l a t i v e  t o  t h e  momentum o f  t h e  e l e c t r o n s  o r  t h e  heavy p a r t i c l e s .  
Then i n  t h e  center-of-mass r e fe rence  frame t h e  d i r e c t  encounter  (photoioniza­
t i o n )  w i l l  r e s u l t  i n  an e l e c t r o n  and an ion  moving i n  an a n t i p a r a l l e l  d i r e c ­
t i o n  a r b i t r a r i l y  o r i e n t e d  r e l a t i v e  t o  t h e  d i r e c t i o n  of t h e  incoming photon. 
If we consider  t h e  i n t e r a c t i o n  between a monoenergetic photon beam and a cloud 
of n e u t r a l s  i n  the  s t a t e  j i n  t h e  center-of-mass frame which a r e  not  po la r ­
i zed  by an e x t e r n a l  magnetic f i e l d ,  then  by symmetry arguments we can conclude 
t h a t  t h e  c o l l i s i o n  p r o b a b i l i t i e s  w i l l  be independent of t h e  " sca t t e r ing"  angle  
of t h e  r e c o i l i n g  p a r t i c l e s .  Thus, i n  any d i r e c t  c o l l i s i o n  v would be t h e  
only parameter needed, i n  a d d i t i o n  t o  t h e  conservat ion equat ions ,  t o  determine 
t h e  v e l o c i t i e s  of  t h e  r e s u l t i n g  ion  and e l e c t r o n  i n  a p a r t i c l e  d i r e c t i o n .  
RLet Q.(v)dRs r ep resen t  t h e  d i f f e r e n t i a l  c ros s  s e c t i o n  f o r  t h e  ion iza -
I -+t i o n  of a n e u t r a l  atom i n  s t a t e  j 
and set Vnj  
d3vn 
j 
by t h e  absorp t ion  of 
r a d i a t i o n  of frequency v r e s u l t i n g  i n  an e l e c t r o n  being emi t ted  i n t o  t h e  
angle  dRs measured from some a r b i t r a r y  r e fe rence  a x i s  wi th  t h e  speed vs, dv,.
-+
The r e s u l t i n g  ion  w i l l  be  i n  t h e  s t a t e  R with v e l o c i t y  vi,, d3vi
R 
. The 
s o l i d  angle  a s soc ia t ed  with t h e  ion  motion w i l l  be  -+-dRs i n  t h e  center-of-mass frame. The number o f  e l e c t r o n s  gained by t h e  s e t  vsJ d3vs p e r  u n i t  time p e r  
u n i t  volume as a r e s u l t  o f  photo ioniza t ion  can then  be represented  by 
-R R f n j  d3vnJ. f  (v)dVCQ* dRs ( 3 9 )J 
I n  (39) i s  t h e  photon d i s t r i b u t i o n  func t ion  p e r  u n i t  frequency p e r  u n i t  -
volume; i t  i s  normalized on t h e  photon number dens i ty  and i s  r e l a t e d  t o  I ( v ) ,  
t h e  s p e c i f i c  i n t e n s i t y  of  u r a d i a t i o n  i n t e g r a t e d  over  a l l  s o l i d  angles ,  by 
( r e f .  17) 
1 4  

-
I ( v )  i s  p ropor t iona l  t o  t h e  r a d i a n t  energy dens i ty  a t  t h i s  frequency. Here, 
and i n  t h e  previous express ion ,  c i s  t h e  speed of  l i g h t .  I t  p lays  t h e  r o l e-
of  t h e  r e l a t i v e  speed i n  express ion  (39).  Note t h a t  we c y l d  have included 
e x p l i c i t l y  he re  t h e  d i r e c t i o n  of  propagat ion of photons xv and worked with 
fR(v,2v)dv dRv r a t h e r  t han  f l ( v ) d v .  This  w i l l  be  done i n  t h e  d i scuss ion  on 
r a d i a t i v e  e x c i t a t i o n  and de -exc i t a t ion  i n  t h e  fol lowing s e c t i o n .  These 
d i s t r i b u t i o n  func t ions  a r e  r e l a t e d  by 
TR 5 i4'fR(v,%v)dQv 
-twhere dQv i s  t h e  s o l i d  angle  centered  about x,. 
Two-body recombination, t h e  inve r se  of  t h e  above encounter ,  r e s u l t s  i n  a 
dep le t ion  of e l e c t r o n s  from t h e  s e t .  An examination of t h e  dynamical equa­
t i o n s  i n  t h e  center-of-mass frame w i l l  r evea l  t h a t  t h e  only parameter needed 
t o  determine t h e  _.frequency o f  t h e  r a d i a n t  energy i s  t h e  r e l a t i v e  speed g,,. 
Then, def in ing  PJ(gs,) as t h e  d i f f e r e n t i a l  c ross  s e c t i o n  f o r  r a d i a t i v e  cap­li 
 +
t u r e  (two-body recombination) o f  an e l e c t r o n  i n  t h e  v e l o c i t y  range vs,  d3vs 
by an ion  i n  the  set  3i,, d3vi l i  which r e s u l t s  i n  t h e  emission o f  a quantum+of r a d i a t i o n  hv and a n e u t r a l  atom i n  t h e  set  v n j ,  d3vn , an expression f o r  
j
t h e  number of e l e c t r o n s  l o s t  by r a d i a t i v e  capture  f o r  t h e  r e a c t i o n  represented  
by (37) can be w r i t t e n  as 
Elec t ron  captures  r e s u l t  i n  both spontaneous and s t imu la t ed  emission. 
Thus mL can be w r i t t e n  
where t h e  f i r s t  term on t h e  r igh t -hand s i d e  i s  t h e  con t r ibu t ion  from sponta­
neous capture  and t h e  remaining term i s  t h e  con t r ibu t ion  from induced capture .  
In o rde r  t o  ob ta in  a s i m p l i f i e d  express ion  f o r  t h e  c o l l i s i o n  i n t e g r a l  
a s soc ia t ed  wi th  (37) we apply t h e  p r i n c i p l e  of d e t a i l e d  balancing and equate  
(39) and (41) a t  equi l ibr ium.  U t i l i z i n g  (42) and (40) wi th  t h i s  e q u a l i t y  w e  
o b t a i n  
A t  equi l ibr ium t h e  d i s t r i b u t i o n  func t ions  are Maxwellian and a r e  given by (29).
The equi l ibr ium s p e c i f i c  r a d i a t i o n  i n t e n s i t y ,  given below, i s  Planck 's  b lack  
body i n t e n s i t y :  
15 
smhv3 
CrT(v)lEq = 2(ehv/tT - 1) (44) 
The Saha equat ion  (30) relates t h e  number d e n s i t i e s  i n  equat ion (43).  Com­
b in ing  equat ions  (29),  (30), and (44) with (43) ,  w e  ob ta in  
Since t h i s  equat ion  must be  independent of t h e  temperature ,  t h e  fol lowing 
r e l a t i o n s  must hold:  
and 
The d i f f e r e n t i a l  elements i n  equat ion (47) can be r e l a t e d  through t h e  
Jacobian of  t h e  fol lowing t ransformat ion:  
dR, dv d3vnj = IJ ld3vs d3viR (481 
To eva lua te  IJI w e  make use of , t h e  fol lowing d i f f e r e n t i a l  r e l a t i o n s h i p ,  which 
holds  f o r  our  photo ioniz ing  model: 
d3vs d3vi  = d3gsR d 3vnj 
R 
When t h i s  r e l a t i o n  i s  combined with (48) t h e  r e s u l t  can be reduced t o  
dR, dv = ( J (d3gsR (49) 
Since d3gs, = g$ dgsR dRs, equat ion (49) can be w r i t t e n  as 
so t h a t  
Then us ing  (38) we can f i n d  t h e  fol lowing r e l a t i o n s h i p  
15 
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Thus t h e  Jacobian becomes 
and (48) can then  be w r i t t e n  
dQs dv d3vn = -'i d3vs d3vi 
j hgsg R 
With equat ion (SO) and t h e  d e f i n i t i o n  of H,  equat ion (47) can be  reduced t o  
2
R
Q j  (VI = 
h2v2 
where ui  has been rep laced  by me. The v a r i a b l e  gsR on t h e  r ight-hand s i d e  
of  (51) i s  r e l a t e d  t o  v by equat ion (38).  Equations (46) and (51) a r e  t h e  
d e t a i l e d  balancing r e l a t i o n s  f o r  t h i s  photo ioniza t ion  encounter.  
When these  expressions are introduced i n t o  the  gain express ion  (39) and 
the  r e s u l t  combined i s  with t h e  l o s s  expression (41) and then i n t e g r a t e d  over  
a l l  poss ib l e  ion  v e l o c i t i e s ,  
With t h e  a i d  of  equat ions (40) and (46) we can r e w r i t e  ( 5 2 )  as 
+This  equat ion r e p r e s e n t s  t he  n e t  ga in  of  e l e c t r o n s  t o  t h e  s e t  v s ,  d3vs p e r  
u n i t  volume p e r  u n i t  t i m e  f o r  t h e  r e a c t i o n  represented  by (37).  On summing 
over a l l  p o s s i b l e  spec ie s  and s t a t e s ,  w e  ob ta in  t h e  fol lowing c o l l i s i o n  
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I V .  COLLISION INTEGRALS FOR NONELASTIC PROCESSES AFFECTING 
THE 	TRANSFER EQUATIONS OF THE HEAVY PARTICLES 
AND THE PHOTONS 
In  an e n e r g e t i c  plasma t h e  heavy p a r t i c l e s  as we l l  as the  e l e c t r o n s  are 
inf luenced  by n o n e l a s t i c  c o l l i s i o n s .  Although t h i s  e f f e c t  on the  heavy p a r t i ­
c l e s  mani fes t s  i t s e l f  p r i m a r i l y  as a change i n  s p e c i e s  concent ra t ion ,  momentum, 
and energy d e n s i t y  r a t h e r  than  a change i n  t h e  heavy p a r t i c l e  d i s t r i b u t i o n  
func t ion  i t s e l f ,  i t  w i l l  prove use fu l  i n  t h e  s e c t i o n  on r a t e  expressions t o  
have a t  hand a convenient c o l l e c t i o n  of  n o n e l a s t i c  c o l l i s i o n  ope ra to r s  f o r  t h e  
heavy p a r t i c l e s  as wel l  as f o r  t h e  photons and t h e  e l e c t r o n s .  
We w i l l  cons ider  he re  r a d i a t i v e  e x c i t a t i o n  and de -exc i t a t ion  r e a c t i o n s  
( ind ica t ed  by s u b s c r i p t  Ra) i n  a d d i t i o n  t o  those  r e a c t i o n s  considered i n  t h e  
previous s e c t i o n .  This r e a c t i o n  proves important  i n  any c a l c u l a t i o n  of  number 
d e n s i t i e s  and energy t r a n s f e r s  f o r  t h e  heavy p a r t i c l e s  and t h e  photons and 
thus  a f f e c t s  t h e  e l e c t r o n  d i s t r i b u t i o n  func t ion  i n  a coupled problem ( r e f .  9 ) .  
The c o l l i s i o n  ope ra to r s  we w i l l  be  cons ider ing  i n  t h i s  s e c t i o n  a r e  
i n d i c a t e d  symbol ica l ly  as fol lows : 
(1) Neutral  s p e c i e s  : 
( 2 )  Ion ic  s p e c i e s : 4  
(3) Photons: 
In  t h i s  s e c t i o n ,  except  f o r  t h e  development o f  t h e  r a d i a t i v e  e x c i t a t i o n  and 
de -exc i t a t ion  terms, we s h a l l  r e l y  on t h e  previous s e c t i o n  f o r  d e t a i l s  and 
merely apply those  r e s u l t s  t o  t h e  p re sen t  formulat ion.  
_ _  
4Col l i s ion  i n t e g r a l s  f o r  i o n i c  e x c i t a t i o n  o r  i o n i z a t i o n  can be deduced 
d i r e c t l y  from t h e  appropr i a t e  terms i n  equat ion (55) and w i l l  no t  be presented  
he re .  
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Neutral  Species 
A s  equat ion (55) i n d i c a t e s ,  t h e  n o n e l a s t i c  c o l l i s i o n s  being considered 
t h a t  involve n e u t r a l  spec ie s  are:  c o l l i s i o n a l  e x c i t a t i o n  and de -exc i t a t ion ,  
c o l l i s i o n a l  i o n i z a t i o n  and three-body recombination, r a d i a t i v e  e x c i t a t i o n  and 
de -exc i t a t ion ,  and pho to ion iza t ion  and two-body recombination. A i l  of  t h e s e  
i n t e r a c t i o n s  except f o r  r a d i a t i v e  e x c i t a t i o n  and i t s  inve r se  have been con­
s ide red  i n  d e t a i l  i n  t h e  previous s e c t i o n .  Hence by in spec t ion  o r  by follow­
ing a development s imilar  t o  t h a t  ou t l i ned  i n  t h e  previous s e c t i o n  w e  can 
wri te  t h e  e x c i t a t i o n  and de -exc i t a t ion  c o l l i s i o n  ope ra to r  f o r  a n e u t r a l  
spec ie s  i n  s t a t e  j as 
Note t h a t  i n  t h i s  express ion  k i s  not  r e s t r i c t e d  t o  being g r e a t e r  than  j 
and t h e  s u b s c r i p t  s f  i s  used f o r  t h e  e l e c t r o n  involved i n  t he  gain term i n  
(58) .  O f  course (58) could have been w r i t t e n  with two c o l l i s i o n  opera tors  on 
t h e  r ight-hand s i d e ;  one f o r  k > j and one f o r  k < j ,  f o r  which s f  would 
be rep laced  by a 0 and a 1, r e s p e c t i v e l y ,  cons i s t en t  with equat ions(3)  and 
(42 with s u b s c r i p t s  n j  and nk interchanged.  
We can a l s o  fol low a development s imilar  t o  t h a t  o u t l i n e d  i n  t h e  previous 
s e c t i o n  and w r i t e  f o r  t h e  c o l l i s i o n a l  i o n i z a t i o n  and three-body encounter :  
x.
j + + L  
(591 
From Sect ion  I11 (p. 17) we can a l s o  deduce 
f o r  t h e  photo ioniza t ion  and two-body recombination encounters .  
Radia t ive  e x c i t a t i o n  and de -exc i t a t ion . - For t h e  r a d i a t i v e  e x c i t a t i o n  and 
de -exc i t a t ion  process  we s h a l l  fo l low t h e  development a s soc ia t ed  with photo-
i o n i z a t i o n  and two-body recombination encounters (pp. 14-17), accounting f o r  
the  d i f f e rences  between t h e  "d i sc re t e"  spectrum assoc ia t ed  with t h i s  bound-
bound t r a n s i t i o n  and t h e  continuous (above a l i m i t )  spectrum assoc ia t ed  with 
t h e  bound-free photo ioniza t ion  t r a n s i t i o n .  Here, however, t h e  development 
will be c a r r i e d  out  with f R  r a t h e r  than FR f o r  t h e  photon d i s t r i b u t i o n  
19 
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func t ion .  A t y p i c a l  r e a c t i o n  f o r  t h i s  case can be represented  by 
k(Atom): + photon (Atom)n (61) 
The energy equat ion f o r  t h i s  encounter i s  
kL e t  Q.(v) r ep resen t  t h e  c ross  s e c t i o n  f o r  t he  r a d i a t i v e  e x c i t a t i o n  of a7
n e u t r a l  atom from s t a t e  j t o  s t a t e  k-+ as jnd ica t ed  i n  equat ions (61) and (62).  The number of  atoms i n  the  s e t  Vnj7 d3vn which a r e  e x c i t e d  t o  
-+ j 
vnk, d3vnk atoms p e r  u n i t  t i m e  p e r  u n i t  volume as a r e s u l t  of r a d i a t i v e  exc i ­
t a t i o n  can be represented  by 
kIn  equat ion (63) $.  (v) i s  a l ine-shape  f a c t o r ,  which accounts f o r  t h e  fact  
J 
t h a t  t h e  frequency over  which t h e  absorp t ion  occurs is+not  p r e c i s e  bu t  v a r i e s  
over  a narrow range. The number of  atoms i n  t h e  s e t  vnk, d3vnk t h a t  r e l a x  
+by r a d i a t i v e  de -exc i t a t ion  t o  Vnj, d3vnj atoms p e r  u n i t  time pe r  u n i t  volume 
can be represented  by 
fnk d 3 ~ n k P i $ i(v)dv dRv 
A s  i n  expression (41) t h e  d i f f e r e n t i a l  c ros s  s e c t i o n  f o r  r e l a x a t i o n  
Pkj (v,%~)$~j (v)dv dRv has spontaneous and s t imu la t ed  components. Thus we can 
w r i t e  
'kI - Ak(v)  + 1(v7Xv)Bk(v)  (651J + j 
where t h e  f irst  term on t h e  r i g h t  corresponds t o  spontaneous r e l a x a t i o n  and 
t h e  remaining term corresponds t o  t h e  induced r e l axa t ion .  The d i f f e r e n t i a l  
elements dv dRv rep resen t  t h e  range-and d i r e c t i o n  of t h e  emi t ted  photon. 
The l ine-shape f a c t o r  f o r  emission $; w i l l  k 
be  assumed t o  be the  same as the  
l ine-shape  f a c t o r  f o r  a b ~ o r p t i o n ; ~thus  $; = Q j .  
Applying t h e  p r i n c i p l e  o f  d e t a i l e d  balancing we can equate (63) with (64) 
and (65) a t  equi l ibr ium and ob ta in  
5This assumption i s  s t r i c t l y  t r u e  f o r  Local Thermodynamic Equilibrium 
(L.T.E.) and usua l ly  i s  assumed t o  hold f o r  s i t u a t i o n s  i n  which c o l l i s i o n s  con­




In  obta in ing  (66) equat ion (40) was used t o  r ep lace  fR  by I i n  (63) .  Also 
used was t h e  d i f f e r e n t i a l  volume element r e l a t i o n  d3vn = d3vnk which
j
fol lows d i r e c t l y  from a momentum ba lance  and t h e  fact  t h a t  t h e  momentum of  t h e  
photons i s  neglec ted .  Now u s ing  
and t h e  r e l a t i o n s  given by (10) and (11) of Sec t ion  I11 (p.  3 )  we f i n d  
from (66) 
j - 2hv3 .
%-.2B; 
and 
The cross  s e c t i o n  
Q j  
i n  (63) could be rep laced  by an E ins t e in  c o e f f i ­
c i e n t  f o r  absorp t ion  B r  such t h a t  (63) would be w r i t t e n  as 
k kf n j  d3vn.B.$ . I  dv dfiv 
J J J  
This sugges ts  t h e  fol lowing r e l a t i o n s h i p s  
and 
t h e  l a t t e r  being w e l l  known. 
When these  d e t a i l e d  balance expressions a r e  introduced t o  t h e  appropr ia te  
ga in  expressions and t h e  r e s u l t  combined with t h e  loss  expression and i n t e ­
g ra t ed  over t h e  photon range and d i r e c t i o n ,  one ob ta ins  
o r  
R a  d3vnj = d3vnj 
- f n 	 :) PjQk dfi, dv (70)j p~ k j  
j-k 
2 1  
On car ry ing  out  t h e  i n t e g r a t i o n  over t h e  s o l i d  angle  and summing over states 
we o b t a i n  
o r  
j < k  j < k  
Note t h a t  by d e f i n i t i o n  J$i dv = 1 ( r e f .  17 ) .  
If we want t o  account f o r  e i t h e r  e x c i t a t i o n  o r  de -exc i t a t ion  from a 
s i n g l e  s t a t e  w e  combine (71) and (72) and w r i t e  
e n j  =(>)(:) +(;) e n j  (73)
R a  R a  Ra 
j < k  j > k  
F o r  t h e  second term on t h e  r igh t -hand s i d e  of  (73) we would use (71) with 
k and j interchanged.  
Ion ic  Species  
The two i n t e r a c t i o n s  ind ica t ed  by (56) have been considered i n  d e t a i l  i n  
Sec t ion  I11 (pp. 8-17);  thus  by a s l i g h t  i n t u i t i v e  ex tens ion  of t h a t  work we 






f o r  t h e  r a t e  of  change of  t h e  d i s t r i b u t i o n  func t ion  f o r  i ons  of spec ies  n i n  





f o r  t h e  ra te  of change o f  t h i s  i o n i c  d i s t r i b u t i o n  func t ion  as a r e s u l t  o f  
photo ioniza t ion  and i t s  inverse .  
I t  i s  f a i r l y  easy t o  e s t a b l i s h  upon a change o f  v a r i a b l e s  of  i n t e g r a t i o n  
between (60) and (75) t h a t  
This fact  w i l l  prove use fu l  i n  Sec t ion  V .  
Photons 
In  a d i r e c t  manner one can deduce from Sect ion I11 (pp. 14-17) t h a t  t he  
n e t  ga in  t o  t h e  photon d i s t r i b u t i o n  func t ion  per  u n i t  volume p e r  u n i t  t i m e  p e r  
u n i t  frequency range as a r e s u l t  of photo ioniza t ion  encounters i s  
From t h e  preceding work i n  Sec t ion  I V  (pp. 19-22) we can w r i t e  
k > j  
from which w e  f i n d  
f o r  t h e  r a t e  of change o f  p e r  u n i t  volume p e r  u n i t  frequency as a r e s u l t  
o f  r a d i a t i v e  e x c i t a t i o n  and i t s  inve r se .  
I t  should be  noted he re  t h a t  t o  t h e  e x t e n t  t h a t  t h e  i n t e r n a l  energy s t a t e  
o f  a p a r t i c l e  is  independent of  i t s  t r a n s l a t i o n a l  energy we can i n t e g r a t e  over 
t h e  heavy p a r t i c l e  v e l o c i t y  i n  equat ion (78) d i r e c t l y  and ob ta in  
V. RATE EXPRESSIONS 
The r a t e  of  change of any e l e c t r o n  p rope r ty  $(fs)as a r e s u l t  of non­
e l a s t i c  c o l l i s i o n s  can be des igna ted  as 
-
where Q i s  t h e  mean va lue  of $. S i m i l a r l y ,  t h e  r a t e  o f  change o f  any 
proper ty  of  t h e  n e u t r a l  spec ie s  $(?n J.) , t h e  ions  + ( $ 0  1 R  ) o r  t h e  photons 
GR(v) as a r e s u l t  of  n o n e l a s t i c  c o l l i s i o n s  can, r e s p e c t i v e l y ,  be w r i t t e n  as 
with corresponding expressions f o r  t he  ions  and t h e  photons.  When equa­
t i o n s  ( l ) ,  (55),  (56),  and (57)  a r e  combined with t h e  above express ions ,  
ae (neTI a, (neTI a e (neT> a, (neT)
[ a t  ] N E =  [ a t  ]Ex+ a t  ] I o n + [  a t  Iph  
24 

In  regard  t o  equat ions (83) and (84) we can sum over  states and ob ta in  
and 
To check t h e  consis tency of t h e  formulat ion of t h e  c o l l i s i o n  i n t e g r a l s ,  i n  
t h i s  s e c t i o n  t h e  terms on t h e  r igh t -hand s i d e  of equat ions (82)-(85) w i l l  be 
eva lua ted  f o r  var ious  forms of  t h e  proper ty  func t ions .  I t  w i l l  b e  demon­
s t r a t e d  t h a t  equat ions (82)- (87) with t h e  c o l l i s i o n  ope ra to r s  developed i n  t h e  
preceding s e c t i o n s  w i l l  y i e l d  n o n e l a s t i c  expressions t h a t  agree with t h e  usual  
conservat ion equat ions.  In  p a r t i c u l a r ,  f o r  t h e  r e a c t i o n s  considered he re in ,  
i f  + ( C s )  = 1 i t  w i l l  be  shown t h a t  
and 
The l a s t  two terms i n  t h e  above e q u a l i t y  a r e  t h e  r a t e  of c r e a t i o n  and des t ruc­
t i o n  of  ions and atoms, r e s p e c t i v e l y .  Equations (88) s t a t e  t h a t  e x c i t a t i o n  
and de -exc i t a t ion  type c o l l i s i o n s  do not  r e s u l t  i n  any n e t  c r e a t i o n  o f  e l ec ­
t r o n s  but  t h a t  i o n i z a t i o n  and photo ioniza t ion  and t h e i r  i nve r ses  a r e  the  only 
terms con t r ibu t ing  t o  a n e t  product ion of e l e c t r o n s .  In  add i t ion ,  of course,  
t h e  n e t  r a t e  of i nc rease  of  f r e e  e l ec t rons  equals  t h e  n e t  r a t e  of  c r e a t i o n  of 
ions  which a l s o  equals  t h e  r a t e  2f des t ruc t ion  of n e u t r a l  p a r t i c l e s .  I t  w i l l  
a l s o  be demonstrated t h a t  i f  +(vs)  = [1/2)mevs2, 
energy gained by n e u t r a l s ,  i o n s ,  and photons 





where (1/2)m,ve2 i s  t h e  mean t r a n s l a t o r y  k i n e t i c  energy o f  t h e  e l e c t r o n s .  
This  express ion  shows t h a t  t h e  n e t  ga in  o f  thermal energy by t h e  e l e c t r o n s  
during t h e  encounters  considered are a r e s u l t  of t h e  fol lowing:  
(a)  The n e t  r e l a x a t i o n  o f  exc i t ed  s t a t e s  ( t h a t  i s ,  (aennj/at)Ex,j,,k i s  
t h e  n e t  product ion o f  s t a t e - j  s p e c i e s  from s t a t e - k  spec ie s  (k > j )  and 
(aennj /a t )Ex,  jttk = - (aennk/at)Ex, j-k) > 
(b) The n e t  product ion of  n e u t r a l  s p e c i e s ,  a t  t h e  expense of  t h e  i o n s ,  
(c) The n e t  ga in  of  photon energy, 3s a r e s u l t  o f  n e u t r a l  spec ie s  
product ion , (aennj / a t )  Ph, j-k' and 
(d) The n e t  l o s s  of thermal and r a d i a n t  energy, r e s p e c t i v e l y ,  of t he  
heavy spec ie s  and photons involved i n  the  encounters .  
-+ -fThe case when +(vs) = mevS i s  not  as i n t e r e s t i n g  as t h e  preceding cases  
and i s  b r i e f l y  t r e a t e d  s e p a r a t e l y  i n  t h e  momentum t r a n s f e r  p a r t  of Sec t ion  V .  
I n e l a s t i c  and S u p e r e l a s t i c  Co l l i s ions  
Equation (19) can be used t o  w r i t e  
(90) 
+






-flJfSfnkgSk ':k dn 1 s d3vnk d3vs (91) 
Combining t h e  d e t a i l e d  ba lance  r e l a t i o n s ,  (13) and (14) ,  and t h e  r e l a t i o n s  

between t h e  d i f f e r e n t i a l  







By t h i s  change of  v a r i a b l e s  (vn.
3 
,vs -t vnk,vO and vnk,v 
S 
+ vn.7 , v l )  i n  t h e  f irst  
and t h i r d  terms o f  (91 ) , r e spec t ive ly ,  t h e  th re sho ld  energy dependence of  t h e  
first set of  i n t e g r a l s  on t h e  r ight-hand s i d e  of (91) has been removed and a 
threshold  energy dependent c ros s  s e c t i o n  has been introduced i n t o  t h e  t h i r d  
s e t  of i n t e g r a l s  of  t h i s  equat ion.  Now, s i n c e  t h e  s u b s c r i p t s  a s soc ia t ed  with 
t h e  e l e c t r o n s  can be changed without  a f f e c t i n g  t h e  va lue  of t h e  i n t e g r a l s ,  t h e  
f irst  and second terms i n  equat ion (92) w i l l  cancel  wi th  t h e  f o u r t h  and t h i r d  
terms, r e spec t ive ly .  That i s ,  i f  i n  t h e  f irst  and second terms o f  equa­
t i o n  (92) w e  c o n s i s t e n t l y  change s -f l, 0 + s and use  t h e  fact  t h a t  
dR,, = dRls w e  w i l l  recreate t h e  nega t ive  o f  t h e  fou r th  and t h i r d  
27 
-fi n t e g r a l s . 6  Thus, when +(vs) = 1, (aene/atIEx, jttk = 0 which impl i e s :  
(*)= o  (93)
Ex 
This  i s  as expected s i n c e  e x c i t a t i o n  and de -exc i t a t ion  encounters  do no t  
c r e a t e  o r  des t roy  e l e c t r o n s .  
+ 
For +(vs) = (1/2)mevS2 a t y p i c a l  term o f  (90) can be  expanded by 
making use of d e t a i l e d  balancing express ions ,  energy equat ions ,  and v a r i a b l e  
t ransformat ions  t o  o b t a i n  
In t h i s  equat ion ,  i n  a manner analogous t o  t h a t  l ead ing  t o  equat ion (93), 
t h e  f i r s t  term i n  t h e  b racke t  of t h e  f irst  se t  of i n t e g r a l s  cancels  with t h e  
last  s e t  of i n t e g r a l s ,  and t h e  second s e t  of i n t e g r a l s  cance ls  with t h e  f irst  
term i n  the  bracke t  of t h e  t h i r d  s e t  of  i n t e g r a l s .  Thus, 
. .  . .. 
6A change of v a r i a b l e s  of i n t e g r a t i o n  t o  a c e n t e r  of  mass and r e l a t i v e  
v e l o c i t y  dependence w i l l  e x p l i c i t l y  i l l u s t r a t e  t h i s  e q u a l i t y .  
28 
j++k -
Again i f  t h e  v a r i a b l e s  and dummy s u b s c r i p t s  a r e  changed and t h e  r e s u l t s  o f  
d e t a i l e d  balancing a r e  used t h i s  expression can be w r i t t e n  as 
where he re  we r e c a l l  t h a t  k > j .  The f i r s t  t e r m  on t h e  r igh t -hand s i d e  of 
(96) i s  obta ined  from equat ions  (58),  (81), and (83) when $n = 1 f o r  a two­
j
s t a t e  atom (say j and k ) .  I t  i s  easy t o  show, v i a  d e t a i l e d  balance r e l a t i o n ­
s h i p s  and dummy v a r i a b l e  changes, t h a t  f o r  t h i s  p a r t i c u l a r  j ++ k type 





as expected. The bracke ted  terms on t h e  r igh t -hand s i d e  of  equat ion (96) are 
obta ined  from (58),  when k > j ,  agd t h e  las t  f o u r  terms i n  equat ion (95).  If 
now t h e  s ta tes  aid spec ie s  are summed and equat ions (58) and (86) are used, 
-7-

Equation (98) is  i n t e r p r e t e d  a.s fo l lows:  The n e t  ga in  of  k i n e t i c  energy by 
t h e  e l ec t ron  gas as a r e s u l t  o f  i n e l a s t i c - s u p e r e l a s t i c  encounters i s  equal  t o  
t h e  ga in  o f  energy from a n e t  de -exc i t a t ion  of exc i t ed  spec ie s  minus t h e  n e t  
ga in  o f  k i n e t i c  energy by t h e  n e u t r a l  p a r t i c l e s  involved.  
The l a s t  term on t h e  r ight-hand s i d e  of (98) i s  obta ined  v i a  t h e  







- 1mN = ­
nN n nn'% 
and 
I o n i z a t i o n  and Three-Body Recombination Encounters 
+
The r a t e  o f  change of  an e l e c t r o n  proper ty  +(v,) a s  a r e s u l t  of  
c o l l i s i o n a l  i o n i z a t i o n  and three-body recombination encounters  can be 
expressed as  
(99) 
-+
Before equat ion (99) is  eva lua ted  f o r  var ious  va lues  of $(v,) ,  it w i l l  prove 
h e l p f u l  t o  have a t  hand express ions  f o r  t h e  c o l l i s i o n a l  ra te  of change of num­
b e r  dens i ty  o f  t h e  heavy p a r t i c l e s  involved a s  a r e s u l t  of t h i s  type of c o l l i ­
s i o n .  If w e  se t  +n j  = +ia= +,, = +in= 1 i n  equat ions (83)-(87) (and make 
use o f  (55),  (56) ,  ( 5 9 ) ,  and ( 7 4 ) )  we f i n d  t h e  fol lowing expected r e s u l t s :  
Ion Ion 




That i s ,  t h e  n e t  ra te  of c r e a t i o n  of  ions  i s  equal  t o  t h e  n e t  ra te  of des t ruc ­
t i o n  of n e u t r a l  atoms. These r e s u l t s  fol low d i r e c t l y  once t h e  v a r i a b l e s  are 
changed i n  equat ion  (59) by t h e  fol lowing d e t a i l e d  ba lance  r e s u l t  
and t h e  dummy s u b s c r i p t s  s ,  2 ,  4 a r e  changed i n  t h e  r e s u l t i n g  equat ion t o  
1, s ,  and 3, r e s p e c t i v e l y ,  and use  i s  made of t h e  fac t  t h a t  dRls = dRS1. 
-+
For $(vs) = 1 it i s  f a i r l y  easy t o  show by equat ions (59) ,  (74),
(81) (eq. (81) app l i ed  t o  t h e  ions  as w e l l  as t o  t h e  n e u t r a l s ) ,  (55),  and (56) 
t h a t  from a t y p i c a l  term of (99) we ob ta in  
aenn aeniQ 
Ion = Ion + Ion(*)(d)(7) 
Equation (102) i n  combination with (100) y i e l d s  t h e  expected 
a e n i  
Ion Ion Ion 
Simi la r ly ,  on summing over a l l  s t a t e s  and s p e c i e s ,  we f i n d  
n = -E(%)n(%)Ion= L(%)Ion Ion 
Equations (103) and (104) i l l u s t r a t e  t h a t  f o r  t h i s  type o f  encounter ,  t h e  ra te  
of c r e a t i o n  of e l e c t r o n s  equals  t h e  r a t e  o f  c r e a t i o n  o f  ions  o r  t h e  r a t e  of  
d e s t r u c t i o n  of n e u t r a l  p a r t i c l e s .  
-+ 
For $(vs) = (1/2)mevs2 a typical term of  equat ion (99) can be 
expanded by making use o f  equat ions (21),  (22),  (31),  and (32) t o  obta in  
Close in spec t ion  of equat ion (105) when t h e  dummy c h a r a c t e r  of  t h e  e l e c t r o n  
s u b s c r i p t s  are accounted f o r  r e v e a l s  t h a t  t h e  s e t s  of  i n t e g r a l s  conta in ing  
( 1 / 2 ) m , ( ~ 2 ~+ v42)  and -2[(1/2)mevs2] are equal i n  abso lu t e  va lue  and 
t h e r e f o r e  cancel  each o t h e r .  
Using t h e  fol lowing e q u a l i t y  
i n  t h e  t h i r d  s e t  of i n t e g r a l s  i n  (105) and r e c a l l i n g  t h a t  t h e  i o n i z a t i o n  
c ros s  s e c t i o n  i s  symmetric i n  t h e  s u b s c r i p t s  s and 3 w e  f i n d  t h a t  t h e  
remaining terms i n  (105) conta in ing  e l e c t r o n  k i n e t i c  energ ies  cancel  each 




I f  t h e  e l e c t r o n  s u b s c r i p t s  i n  t h e  f irst  s e t  of i n t e g r a l s  i n  t h e  f i r s t  o f  
t h e  above bracketed terms are changed from 2 ,  4,  and s t o  s ,  3 ,  and 1, 
r e spec t ive ly ,  and t h e  d e t a i l e d  balancing r e s u l t  given by equat ion ( 3 2 )  i s  used 
along with dQls = dRS1, t h i s  bracketed term becomes equal  t o  
- (aeniR/at)  Ion, j t t i  01" - (aene/at)  Ion,j-g - In  a similar manner t h e  second 
bracketed term i n  (106) can be shown t o  equal  - ( ae [ ( l / 2 )n iRmivf ] / a t}  Ion, j -a .  
The t h i r d  bracketed term i n  equat ion (106) can be  shown t o  equal 
- [ae [ ( 1 / 2 ) n n j m n ~ ] / ~ t ) I o n ,j-a when t h e  s u b s c r i p t s  i n  t h e  f irst  p a r t  of t h i s  
bracketed term are changed from 1, s ,  3 t o  s, 2 ,  4 and t h e  appropr i a t e  v a r i ­
a b l e  changes through equat ion (31) are made. Thus equat ion (106) can be 
w r i t t e n  as 
34 









The sum over n here is interpreted as a sum over the ionic species o f  type 
n. 	 Equation (108) illustrates that the net gain of kinetic energy by the 
electron gas as a result of collisional ionization and three-body recoinbina­
tion encounters is equal to the net gain of ionizational energy due t o  recom­
bination minus the net gain of kinetic energy by the heavy particles involved. 
Photoionization and Two-Body Recombination Encounters 

As a result of photoionization+and two-body recombination encounters, 
changes in an electron property +(vs) can be accounted for on a rate basis by
the following equation: 
35 

Again it i s  convenient t o  have expressions a t  hand f o r  t h e  ra te  of change of 
number d e n s i t y  of  t h e  heavy spec ie s  and t h e  photons involved i n  t h i s  r e a c t i o n .  
From equat ion (60) ,  ( 7 5 ) - ( 7 7 ) ,  and (81) (eq.  (81) appl ied  t o  ions and photons 
as wel l  as t o  n e u t r a l s ) ,  i t  i s  immediately apparent  t h a t  when @n = $ik= @ R =  1 
j
t h e  fol lowing r e s u l t s  a r e  obtained:  
Ra ennj aenig a n  
( a t  ) p h  =-(-.-)Ph 
which obviously extends t o :  
a n.  R
(%)ph = - (3T)phe l n  = (%)ph 
That i s ,  photons and n e u t r a l s  a r e  c rea t ed  a t  t h e  same r a t e  by r a d i a t i v e  
capture .  
For @(GS) = 1 a t y p i c a l  term of equat ion (109) when compared with ( 7 5 ) ,  
(81) (eq.  (81) appl ied  t o  i o n s )  and (110), w i l l  y i e l d  
a 
Ph Ph 
which extends t o  
a ene a e n i  a enn a enR 
=(Tt-)Ph = (Tt-)Ph - (?E-)ph= - (T-)ph 
This express ion  can be summed over s t a t e s  t o  y i e l d  e q u a l i t i e s  similar t o  
equat ion (104). 
36 
-. . . ....... . . 
For $(Gs)  = (1/2)mevs2 i n  t h e  form of  t h e  energy equat ion f o r  t h i s  
encounter,  t h a t  i s ,  
a t y p i c a l  term of  (109) y i e l d s  
- A  (*)
j a  Ph 
When equat ion (SO) i s  s u b s t i t u t e d  i n t o  t h e  f i r s t  s e t  of i n t e g r a l s  i n  equa­
t i o n  (114)  and the  r e s u l t  i s  compared with (77)  and (81) (eq. (81) appl ied  t o  
photons),  we s e e  t h a t  t h i s  s e t  of i n t e g r a l s  i s  equal t o  
which i s  def ined  as t h e  nega t ive  of t h e  r a t e  of change of  r a d i a n t  energy p e r  
u n i t  volume, uR, r e s u l t i n g  from t h i s  i n t e r a c t i o n .  The r a d i a n t  energy d e n s i t y  
of t h e  photon gas  is  def ined  by (ref. 17) uR : j h v f R  dv. 
S imi la r  comparisons of equat ions (SO), (59) ,  (75),  and (81) (eq.  (81) 
appl ied  t o  ions and n e u t r a l s ) ,  wi th  t h e  second and t h i r d  s e t s  of i n t e g r a l s  of 
equat ion (114), r evea l  t h e s e  i n t e g r a l  sets t o  be 
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and 
Thus equat ion (114) reduces t o  
j-k 
This  expression can be i n t e r p r e t e d  f o r  t h i s  i n t e r a c t i o n  as: The n e t  r a t e  of  
l o s s  o f  e l e c t r o n  k i n e t i c  energy p e r  u n i t  volume i s  equal  t o  t h e  sum of n e t  
ga in  of  energy by t h e  photons,  t h e  n e u t r a l s ,  t h e  ions  p l u s  the  i o n i z a t i o n  
p o t e n t i a l  t imes t h e  n e t  r a t e  o f  product ion o f  e l e c t r o n s .  This  s ta tement  may 
appear t o  be misleading un le s s  i t  i s  noted t h a t  when t h e  n e t  product ion r a t e  
o f  e l e c t r o n s  is p o s i t i v e ,  t h e  n e t  r a t e  of  change of  r a d i a n t  energy w i l l  be  
nega t ive .  
On summing over  s t a t e s  and spec ie s  we can w r i t e  f o r  equat ion (101) 
38 

Radia t ive  Exci ta t ion  and De-exci ta t ion 
The r a t e  of change of  a proper ty  of t h e  n e u t r a l  spec ie s  a s  a r e s u l t  of 
r a d i a t i v e  e x c i t a t i o n  and its inve r se  can be expressed a s  (see eqs.  (86) ,  (81),  
(71)-(73)) :  









From a t y p i c a l  term i n  equat ion  (119) o r  from equat ions (69) 
deduce 
aefnk(3)Ra= -(F)R a  
j-k j-k 
s i n c e  
d3vn = d3vnkj 
This  leads  d i r e c t l y  t o  t h e  fol lowing s imple conserva t ion  o f  
expression:  
j-k j-k 




and (70), we can 
spec ie s  
R a  k Ra k Ra 
j <k j-k j > k  k-j 
On summing over  a l l  s t a t e s  j w e  now ob ta in  
That i s ,  t h e  t o t a l  number d e n s i t y  of a spec ie s  does not  change as a r e s u l t  of 
r a d i a t i v e  e x c i t a t i o n  and de -exc i t a t ion  type
k 
encounters .  In  ob ta in ing  equa­
t i o n  (122) w e  made use  o f  d3vn
j 
= d3vnk, Q j  = Q;, and expressions l i k e  (120) 
f o r  bo th  j < k and k < j .  (Since k and j range over  t h e  same number of 
s t a t e s ,  t h e r e  i s  always an even number of terms i n  (122) t h a t  w i l l  cancel  i n  
p a i r s  according t o  equat ion (120) . )  
If @ R  = 1 i n  t h e  f irst  term on t h e  r igh t -hand s i d e  of  equat ion (85) i s  
combined with (78),  and t h e  r e s u l t  i s  compared with t h e  f irst  moment of equa­
t i o n s  (71) and (72) ,  
j-k j-k j++k 
k >  j k >  j k >  j 
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which extends t o  
k > j  j-k k>j j-k 
That is, t h e  n e t  r a t e  a t  which photons a r e  c rea t ed  i s  r e l a t e d  t o  t h e  n e t  r a t e  
a t  which exc i t ed  p a r t i c l e s  are destroyed.  
+F o r  +ni = mnvni a typical term i n  (118) can be w r i t t e n  
J J 
j > k  
-f +
F o r  a two-s ta te  encounter ,  making use  o f  t h e  momentum balance mnvnj = mnvnk 
y i e l d s  
j-k j-k 
On summing over a l l  s t a t e s  j ,  making use  of  (124),  t h e  momentum balance for 
each s p e c i f i c  encounter ,  and t h e  r e l a t i o n s  used i n  ob ta in ing  (122) we conclude 
t h a t  t h e  momentum of  t h e  n e u t r a l  spec ie s  does not  change as a r e s u l t  o f  t h e s e  
n o n e l a s t i c  encounters ;  t h a t  i s ,  
2F o r  6 = mnvnj/2 w e  can use  t h e  energy equat ion  (62) and w r i t e  a 
t y p i c a l  term i n  equat ion  (118) as 
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From equat ions (78),  (81) (eq.  (81) app l i ed  t o  photons) ,  and (115) 
and 








S u b s t i t u t i n g  t h e s e  expressions i n t o  equat ion (126) y i e l d s  
k 
j >k 
















Now on summing over  s t a t e s  j t h e  l a s t  two se t s  of  sums on t h e  r ight-hand 
s i d e  a r e  symmetric and 
)j'(g)=T'(g) Ra1 	 R a  1 R a  +g) 
j-k k , j  k-j 
and 
j <k j > k  
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With t h e s e  expressions,  equat ion (131) when summed over  t h e  j s t a t e s  becomes 
j <k  
The f i r s t  two sums on t h e  r ight-hand s i d e  of (132) can, on comparison with 
(71) and ( 7 2 ) ,  be w r i t t e n  as>-: re( n n k 2 i  
R a  
k 
j < k  




These two terms can be  combined, v i a  equat ion (73), t o  o b t a i n  
This  r e s u l t  can be combined wi th  equat ion (132) t o  y i e l d  
Equation (133) shows t h a t  t h e  n e t  ga in  of  k i n e t i c  energy by t h e  n e u t r a l  
spec ie s  i s  equal  t o  t h e  n e t  l o s s  of  energy by t h e  photon gas and t h e  n e t  l o s s  
of  i n t e r n a l  energy from t h e  upper exc i t ed  s t a t e s .  
Momentum Transfer  
+. -f 
If $(vs) = mevS i n  t h e  above r a t e  express ions ,  and t h e  appropr i a t e  
momentum equat ion i s  used f o r  each i n t e r a c t i o n ,  it i s  r e l a t i v e l y  easy t o  show 
t h a t  t h e  momentum l o s t  by t h e  e l e c t r o n s  i n  each type  of  n o n e l a s t i c  c o l l i s i o n  
i s  gained by t h e  heavy p a r t i c l e s  involved.  We can summarize t h i s  r e s u l t  
b r i e f l y  as fol lows:  
I n e l a s t i c  and s u p e r e l a s t i c  encounters . - The momentum expressions f o r  t h e  
r e a c t i o n  g i v e n  by equat ion ( 2 )  which correspond t o  equat ions (3) and (4) ,
r e spec t ive ly ,  a r e :  
+. -+ -+ +. 
meVS + mnVnj = meVO + mnVnk 
o r  
-+ + -+ +. 
m e V l  + mnVnj = meVS + mnvq 
Whzn these+equations are  s u b s t i t u t e d  i n t o  t h e  r a t e  equat ion (90) wi th  









between the electrons and the neutral particles. 





When these expressions are combined with the momentum form of equation (99)





where vI (l/mI) mivi. The electron has exchanged momentum with both the 
n 
neutrals and the ions. 
Photoionization and two-body recombination.- When the momentum of the 

photons is neglected, the momentum equation for this reaction is 

On substitution into the momentum form of equation (109) and changing 

variables there remains 

Again the electrons have exchanged momentum with both heavy species. 

Nonelastic Terms in the Equations of Motion 

Thus far in this section the rate expressions associated with various 

nonelastic collision operators have been developed. Here the preceding 

results will be summarized with the following relations between nonelastic 

terms that might appear in the equationsofmotion of a plasma composed of 

electrons, ions, neutral species and photons: 
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Species  conserva t ion  : 
a ene a e n N  a e n N
(r) R a  = OEx =(r)Ex=(x-) 1 (137) 
Mass conserva t ion  ( p e  f neme, e t c . ) :  
Momentum conserva t ion  (neglec t  photon momentum): 
Energy conservat ion:  
Ph 
7The las t  term i n  equat ion  (137) r ep resen t s  (aenN/at)Ion + (aenN/3t)ph. 





= (g)+ ( . )  
Ph Ra 

These expressions agree with the usual macroscopic species conservation 

equations (ref. 19). 

If we sum over species such that 

n E nN + ne 





re::"] NE 0 




Equations (143) also agree with the usual macroscopic (ref. 19) conservation 
equations when the right-hand side is identified as the nonelastic rate of 
change of  the average internal energy of the gas mixture. 
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Radiative Energy Loss 
A common phenomenon accompanying nonelastic collisions in plasmas is the 
loss of radiative energy to the boundaries of the plasma. The amount of radi­
ative energy lost to the plasma depends on many factors such as the plasma
density, its optical characteristics, its geometrical characteristics and the 
type of transition. This energy loss mechanism affects, in a coupled fashion, 
the electron distribution function and the species number densities as well as 
the plasma thermal energy. 
Physically, in a plasma in which the electrons are redistributing their 

energy among the other species the following might be expected: 

(1) Energetic electrons collisionally excite or ionize heavy particles. 

(2) These heavy particles in turn either undergo the inverse to the 

preceding encounters or relax radiatively, emitting photons. (The method of 

relaxation depends upon the relaxation rates for each process, This will be 

discussed in the next section.) 

(3 )  The resulting photons are then either absorbed by or lost to the 
plasma, depending upon the opacity of the system to the frequency of the 
emitted radiation. 
A loss of photons manifests itself in at least two significant ways: 
(1) The excited states of the heavy particles, from which the radiative 

relaxation occurs, tend to become depopulated. 

(2) The electron gas looses energy equivalent to the volumetric radiant 

energy lost from the plasma. 

Analytically the expressions developed in the preceding and subsequent

sections remain valid. However, in application one must solve the equation of 

radiative transfer, coupled with the appropriate equations of motion, to find 

the local rate at which photons and the radiant energy leave the plasma. 

The rate at which photons are lost from the plasma can be related to the 

rate at which excited states of the heavy particles are depopulated as can be 

seen from the radiative transfer equation (ref. 17) and the results of 

pages 35 to 45. In addition the energy moment of the radiative transfer equa­

tion yields a relation between the temporal and volumetric changes in the 

photon energy density and the collisional term given by equation (142). 

Detailed accounting of radiative losses is a formidable task. To 

circumvent some of the difficulties Holstein (ref. 20) introduced and others 

(ref. 9) used local, frequency-dependent, energy loss factors. Holstein, in 

particular, evaluated radiation-escape factors for resonance radiation for a 

few geometric shapes. 

These local radiation-escape parameters are defined for each transition 






- _. . 
difference between t-he emission and absorption terms appearing in the 
preceding expressions would be replaced by the product of the particular 
radiation-escape parameter and the appropriate emission term. The value of 
these parameters (between 0 and 1) determines the local opacity of the plasma 
to a particular frequency of radiation. 
Reaction Rate Coefficients 

The usual reaction rate coefficients for a reaction rhich proceeds in 1 
forward Kf or backward Kb direction can be obtained directl; from the 
preceding results. For example, consider the collisional ionization-three­
body recombination reaction described by equation (20): The local net rate of 
change in electron number density as a result of this reaction is determined 
by an equation of the form 
(*)KIonnenN - KRecne2nI (144) 
Ion 

From equations (74) and (104) w e  can deduce that 
IR(%) =) , flfif,fnjH-'- fs f3f- )g sRg3.8 5's 3 R  dR1s d3v3 d3vs d3viR 
Ion 
j,R,n 





j d3v3 d3vs d3vi 
KRec = L,,S/Jlfgf3fiRgSgg3~5s3Rne2 n ~  &Is R 
If desired the detailed balancing expression given by equation (32) can be 

used to obtain Kf and/or Kb in terms of ionization cross sections rather 

than recombination cross sections. These expressions clearly show the 

dependence of the reaction rate coefficients upon the distribution functions 
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. . ...- .. . 
and the cross sections. In addition one can deduce that the macroscopic 

detailed balance result, K I ~ ~ / K R ~ ~ 
= (nenI/nN)Eq, does not hold in general but 
does hold at equilibrium. 
In a like manner rate coefficients for the other reactions considered 

herein can be obtained. Such coefficients for unidirectional reactions are 

particularly useful when competing reactions have dominant terms. In these 

cases one needs to consider only the rate coefficients for the dominant 

processes rather than the complete nonelastic collision integrals. 

VI. CONCLUDING REMARKS 

Collision integrals have been developed for some nonelastic processes 

that are important in plasma dynamic problems. On taking moments of these 

collision integrals, we have also demonstrated compatibility between these 

results and the nonelastic terms of the macroscopic equations of motion. 

The collision integrals developed here may prove to be unwieldy in their 

present form for many plasma dynamic analyses. Many simplifications are 

possible to make the collision integrals more tractable. The particular sim­

plification employed depends upon the problem at hand. A few of the more 

successful simplifications, that is, the small electron mass approximation, 

the spherical harmonic expansion of the electron distribution function, the 

use of Maxwellian distribution functions, and the use of isotropic cross 





It is hoped that the development presented herein allows a clearer 

understanding of the physics implicit in many less detailed treatments of 

nonelastic collision integrals. 

Ames Research Center 

National Aeronautics and Space Administration 










This is a partial alphabetical listing of the present nomenclature. All 

symbols are defined locally in the text where they are first used. 

coefficients for radiative de-excitation and excitation 
(eqs. (65) - (69) 1 




fm electron velocity distribution function, f($m) 

photon distribution functions (eq. ( 3 9 ) )  
fh velocity distribution function for heavy particle h 

+ + 
gmh relative speed Ivm - Vhl 
H parameter associated with Saha equation h3 wj 
mi 2 ~ 2  
Planck's constant 





I J I  Jacobian o f  a transformation, usually defined locally 
KIon7KRec reaction rate coefficients defined on page 50 

k Boltzmann's constant 
me electron mass 

mh mass of heavy particle 

ne 7 nh number densities: electrons, heavy particles 






coefficient of differential cross section for radiative 

de-excitation (eqs. (64) and (65)) 

distribution functions associated with photionization and radiative 





radiant energy density 

velocity of electrons, ve-xity o heavy particles 
+
electron velocity defined by (vm,xmm,) 

coefficients for spontaneous and induced radiative capture (eq. (42)) 

meparameter defined by, ­2kT 
excitation o r  ionization potential associated with a particular
transition (eqs. ( 3 ) ,  (21), (38), and (62)) 
delta function defined on pages 8-13 

memireduced mass, me + mi 
radiation frequency 

mass densities defined on pages 46-48 (pe = neme, etc.) 
angular distribution functions associated with inelastic and 

superelastic differential cross sections (eqs. (5) and (6)) 

distribution functions associated with ionization and three-body 

recombination cross sections (eqs. (23) and (24)) 

-f 
property of electron gas, +(vm) 





+ R  property of photon gas, +R(v) 





angle between relative velocity vectors g and 
xgSg3 SR 3R 
$*YQk line shape factors for absorption and emission 
3 
j
R solid angle used in describing particle direction 
Wk,Wj,WR degeneracies associated with states of an atom (wj,wk) and its 
ion ( m i )  
Superscripts 

(3 averaged quantity; velocity averaged or averaged over angles 

j,k,R see subscripts j,k,R 

Subscripts 
m association with electron of  speed vm (m = s, 0, 1, 2, 3 ,  4) 
m' association with electron of speed vml 
n neutral species of type n 
njYnk neutral particles of type n in states j, k 
i ion associated with type n neutral 
iR ion in state R associated with type n neutral 
h heavy particle, i, n, nj, nk, it, I, N, and states j ,  k ,  R 
I ion mixture 
CM center-of-mass coordinates 
Eq equilibrium 
NE quantities associated with nonelastic encounters 
Ion, association with collisional excitation and de-excitation encounters,

RayPh I 	 collisional ionization and three-body recombination encounters, 
radiative excitation and de-excitation encounters, and photo-




particular nonelastic encounter and its inverse which results in the 
heavy particle changing between a neutral in state j to a 
neutral in state k o r  an ion in state R 
j ,k ,R  states of a neutral particle ( j , k )  and its ion ( a )  
Miscellaneous 

(Atom)nj atom of type n in state j 
ae
-	 rate of change of  quantity per unit volume in phase space as aat result of  collisions 
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